We consider a one-phase Stefan problem for the heat equation with a superlinear reaction term. It is known from a previous work (Ghidouche, Souplet, & Tarzia [5]) that all global solutions are bounded and decay uniformly to 0. Moreover, it was shown in Ghidouche, Souplet, & Tarzia [5] that either: (i) the free boundary converges to a finite limit and the solution decays at an exponential rate, or (ii) the free boundary grows up to infinity and the decay rate is at most polynomial, and it was also proved that small data solutions behave like (i).
Introduction and results
We consider the following reaction-diffusion problem with free boundary:
(t, s(t)) = u x (t, 0) = 0, 0 < t < T, s (t) = −u x (t, s(t)), 0 < t < T. (SP)
Problem (SP) can be viewed as a simple model of a chemically reactive and heat-diffusive liquid surrounded by ice. Here u 0 represents the temperature of the liquid phase, and the ice is assumed to be at temperature 0. Throughout this paper, we suppose p > 1, s 0 > 0 and u 0 ∈ C 1 ([0, s 0 ]), u 0 0, with (u 0 ) x (0) = u 0 (s 0 ) = 0. It is well known that there exists a unique, maximal in time, classical solution (u, s) of (SP), which satisfies u 0 and s 0 (see [1, 4] Global existence, stability and blowup for this problem were studied in [5] . It was proved there that finite time blowup occurs if the initial data u 0 satisfies a certain energy condition. Concerning global solutions, it was shown that all of them are bounded and decay uniformly to 0 as t → ∞. Moreover, the following classification of the asymptotic behaviour of global solutions was obtained in [5] .
THEOREM A Let u be a solution of (SP) with T = ∞. Then it holds that lim t→∞ |u(t)| ∞ = 0.
(1.1)
Moreover, if we let s ∞ = lim t→∞ s(t) ∞, then one of the following two possibilities occurs:
(i) (Fast solution) s ∞ < ∞ and there exist real numbers C, α > 0 (depending on u) such that
(ii) (Slow solution) s ∞ = ∞ and one has the estimates
Furthermore, it was proved that u is a fast solution whenever the initial datum u 0 is small in the following sense:
. However, the existence of slow solutions was left as an open problem in [5] . The aim of the present paper is to fill this gap by proving the following theorem.
Then there exists λ > 0 such that the solution of (SP) with initial data u 0 = λφ is a global slow solution (i.e. u satisfies (ii) in Theorem A).
The basic idea of the proof of Theorem 1 is to look for solutions which lie on the boundary of the domain of exponential attraction of 0. To carry out this idea, we must verify that along each positive ray, this domain is nonempty, open and bounded. Moreover, we must prove that the corresponding limiting solution exists globally. This part of the argument is based on the following uniform a priori estimate for all global solutions of (SP), which may be of independent interest. PROPOSITION 2 Let u be a solution of (SP) with T = ∞. Then there is a constant
where C remains bounded for |u 0 | C 1 , s 0 and 1/s 0 bounded.
The proof of this estimate relies on scaling and energy arguments similar to those in [6] . However, some additional difficulties arise due to the free-boundary condition (and moving domain). These arguments are also related to those used in [5] in the proof of decay of global solutions. However, it appeared that the proof of (1.1) in [5] was not completely correct in the case s ∞ = ∞, because some terms related to the free boundary had been overlooked. We will here fill this gap and give a correct proof of the decay property (1.1) and of the a priori estimates at the same time. Moreover, this proof is simpler because one no longer needs to treat the cases s ∞ < ∞ and s ∞ = ∞ separately.
Let us mention that the uniqueness of λ in Theorem 1, as well as the precise decay/growth rate of |u(t)| ∞ and s(t), remain open questions.
Earlier results on blowup for problem (SP) can be found in [1, 7] , where the shape of some blowup solutions was studied. On the other hand, the existence of global solutions to (SP) was studied in [2, 3] . It was proved in [2] that small data yield global fast solutions, but the result was obtained only for p > 2, while the corresponding result of [5: Theorem 3.2] holds for all p > 1. In [3] , it was shown for p > 2 that global fast solutions are stable. In a forthcoming publication [8] , it will be shown that the stability property remains actually true for all p > 1.
Proofs
Let us first recall the basic energy identity
where
Also, as a consequence of the blowup result of [5: Theorem 2.1], we know that T = ∞ implies E(u(t)) 0 for all t 0, hence
We will first prove Theorem 1 assuming Proposition 2.
Proof of Theorem 1. To emphasize the dependence of u on the initial data when necessary, we will denote the solution of (SP) by u(u 0 ; ·) (and s(t), s ∞ and the maximal existence time T accordingly). We define Σ = {λ > 0; T (λφ) = ∞ and s ∞ (λφ) < ∞}.
First, we have Σ = ∅ (it contains (0, ε) for ε > 0 small-see the paragraph after Theorem A). On the other hand, for λ sufficiently large, we have E(λφ) < 0 hence T (λφ) < ∞ (see before formula (2.1)). Therefore Σ is bounded.
We first claim that τ = ∞. Indeed, by continuous dependence (see [4, 8] ), for each fixed t ∈ [0, τ ), u(λφ; t) approaches v(t) in L ∞ (0, ∞) and s(λφ; t) → σ (t), as λ ↑ λ * (one here extends u(t) by 0 on (s(t), ∞)). Since T (λφ) = ∞ for all λ ∈ (0, λ * ), it follows from Proposition 2 that |v(t)| ∞ C for all t ∈ [0, τ ). Therefore, τ = ∞ since nonglobal solutions must satisfy lim sup t→T |u(t)| ∞ = ∞ (see [1: Proposition 3.1]).
Next we claim that σ ∞ = ∞. Assume σ ∞ < ∞ for contradiction. Since |v(t)| ∞ → 0 as t → ∞ by Theorem A, we will have
for some large t 0 . By continuous dependence, it will follow that
for λ > λ * sufficiently close to λ * . But this implies that s ∞ (λφ) < ∞ (see the paragraph after Theorem A), which is a contradiction with the definition of λ * . The proof of Theorem 1 is complete.
Proof of (1.1) in Theorem A. Assume for contradiction that = lim sup t→∞ |u(t)| ∞ > 0.
In both cases, we thus have a sequence t n → ∞ and ε > 0 such that
We extend u(t, ·) by 0 on (s(t), ∞) and define the rescaled function
for (τ, y) ∈ D n = {(τ, y); λ −2 n (t 0 − t n ) τ 0 and − λ −1 n x n y < ∞}. Also we denote
which corresponds to x < s(t). The function v n satisfies v n (0, 0) = 1, 0 v n 2 in D n , and
Now we want to get local estimates of derivatives of v n in compact subsets of the form
Observe that Q m is not necessarily included in D n for n large (because we might have s(t n − mλ 2 n ) < x n ). So we cannot directly apply parabolic regularity theory to equation (2.3) to derive these estimates. Also, if we want to extend equation (2.3) to the larger domain D n ⊃ Q m , we will inherit extra Dirac masses, corresponding to the discontinuity of ∂ y v n at the free boundary. (These are the points which had been overlooked in the proof of [5] .) To overcome this, we will derive local L 2 estimates of derivatives by employing the local-energy method in D n and controlling the contributions from the free boundary. 
Therefore, since 0 v 2, we have
p+1 )(τ, y) ϕ 2 (y) dy, and we compute
On the other hand, we have 0
It follows that
For −m α β 0, by integrating in τ over [α, β], we get and the lemma follows from (2.6) and (2.7).
From Lemma 2.1 and 0 v n 2, by the compact embeddings
to some function z ∈ C([0, ∞)) which satisfies z(0) = 1.
Next, we will use the following two lemmas. 
